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Abstract
The class of R-monolithic spaces is properly contained in the class of pseudoradial spaces and
includes all sequential spaces, all LOTS and all compact monolithic spaces. We study various
properties of these spaces. For instance, it is shown that Chang’s Conjecture reduces the existence of
a compact radial non-R-monolithic space of density not exceeding ℵ1 to the existence of a separable
space of the same type. Furthermore, we prove that the existence of a compact ccc R-monolithic
non-sequential space is undecidable in ZFC and that the class of compact R-monolithic spaces is
countably productive. Ó 2000 Published by Elsevier Science B.V. All rights reserved.
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0. Introduction
The concept of R-monolithic space arises as a natural specialization of the general notion
of pseudoradial space and it is in a sense quite close to the concept of sequential space. The
name and notion is motivated by Arhangel’skiı˘’s notion of monolithic.
The aim of the paper is to study various questions and properties of R-monolithic spaces.
We begin by considering their relationships with the radial spaces. It is still unknown if
there is a ZFC example of a compact radial non-R-monolithic space and indeed it was
recently shown that it is consistent that there is no separable example. Here we prove that
there is a model where there is no such space of density ℵ1 by showing that Chang’s
Conjecture implies that any such a space of density ℵ1 actually has a separable subspace
which is also an example. Next, we relate R-monolithic and sequential spaces. In the
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separable case these two notions coincide, so it makes sense to look at their relationships in
the class of ccc spaces. We focus our attention to the case of compact spaces and function
spaces in the topology of pointwise convergence. The most important result is that the
existence of a compact ccc R-monolithic non-sequential space is undecidable in ZFC. For
this purpose we construct an example which in addition provides an answer to a question,
raised by Arhangel’skiı˘ and Šapirovskiı˘, on the structure of a compact ccc monolithic
space. On the other hand we show that for function spaces, it is not difficult to find R-
monolithic non-sequential spaces. Finally we prove that the class of compact R-monolithic
spaces is countably productive.
For notations and undefined notions we refer to [7]. Compact means compact Hausdorff.
t (X), nw(X) and ψ(X) denote as usual tightness, network weight and pseudo character of
the topological space X. For more on pseudoradial and related spaces see [4] and [13].
Henceforth, we will use sequence to mean any well ordered net. A sequence {xα: α ∈ κ}
in a topological space X converges to the point x provided that every neighborhood of x
contains a final segment of the sequence. Recall that a set A in a topological space X is
κ-closed if B ⊆A whenever B is a subset of A of cardinality at most κ .
We collect, for the reader’s convenience, the definitions of several of the notions we are
discussing.
Definition.
(1) A space X is pseudoradial if any non-closed set A ⊆ X contains a sequence
converging to a point of A \A.
(2) A space X is semi-radial if for any non-κ-closed subset A there exists a sequence
{xα: α ∈ λ6 κ} ⊆A converging to a point of A \A.
(3) A spaceX is radial if every point ofA⊆X is the limit of a sequence contained inA.
(4) The radial character, Rχ(X), of the pseudoradial space X is the smallest cardi-
nal κ such that in the definition of pseudoradial we need only use sequences of
size not exceeding κ . Notice that in general for a pseudoradial space X we have
t (X)6Rχ(X)6min{2t (X),ψ(X)}, while if X is semi-radial then t (X)=Rχ(X).
(5) A pseudoradial space X is R-monolithic if the inequality Rχ(A) 6 |A| holds for
every A ⊆ X. A topological space X is monolithic if nw(A) 6 |A| holds for any
A⊆X.
Note that all radial and R-monolithic spaces are semi-radial. Each semi-radial space
is pseudoradial. Moreover, every Fréchet–Urysohn space is radial and every sequential
space is R-monolithic. Linearly ordered spaces and compact monolithic spaces are also R-
monolithic. None of these implications can be reversed, even when restricted to the class
of compact spaces.
1. Radial and R-monolithic spaces
Among the various relationships involving the defined notions, the comparison of radial
and R-monolithic spaces still deserves study. It is very easy to find an R-monolithic
A. Bella, A. Dow / Topology and its Applications 105 (2000) 89–97 91
compact space which is not radial: every compact sequential which is not Fréchet–Urysohn
space does the job. For the converse, there are consistent examples of compact separable
radial non-Fréchet–Urysohn (and hence non-R-monolithic) spaces, for instance [12] using
CH or [13] using either t= c or d= ω1.
The possibility to have a ZFC example of this kind in the separable case has been
recently disproved by the second author [6] by showing that there exists a model in which
every compact separable radial space is Fréchet–Urysohn. In this paper we show that there
will be no ZFC example with density ℵ1 by a quite surprising result. We will show that
Chang’s Conjecture implies that there can be no example of density ℵ1 unless there is
a separable example. The result below is interesting on its own merits but let us remark
without proof that the construction of the model in [6] can be modified (assuming the
existence of a weakly compact cardinal) so as to ensure that it is also a model of Chang’s
Conjecture.
Recall that Chang’s Conjecture, CC, is the statement:
For any structure of the form A= 〈ω2,ω1, (Ri)i<ω〉, where ω1 denotes a distinguished
unary relation and each Ri is a finitary relation symbol, there is an elementary submodel
B of A such that the universe, B , of B has cardinality ω1 and B ∩ ω1 is countable.
Theorem 1 [CC]. Suppose thatX is a compact radial space with density at most ω1. IfX is
not R-monolithic, then it has a compact separable subspace which is still not R-monolithic.
Proof. Let X be compact radial and suppose that D is a dense subset of X of cardinality
ω1. Fix an enumeration {dξ : ξ < ω1} of D. Since X is radial, if it is not R-monolithic then
it contains a free ω2-sequence {xα: α < ω2}. That is, the closure of {xβ : β < α} is disjoint
from the closure of {xβ : α 6 β} for each α < ω2. Similarly to prove the result it suffices to
find a compact separable subspace with an uncountable free sequence.
For each α ∈ ω2, choose a pair of open sets Uα , Vα so that they have disjoint closures
and so that {xβ : β < α} ⊆ Uα and {xβ : α 6 β} ⊆ Vα . This allows us to define a pair of
binary relations R0,R1 on ω2 according to
(α, ξ) ∈ R0 iff α < ω1 and dξ ∈ Uα
and
(α, ξ) ∈ R1 iff α < ω1 and dξ ∈ Vα.
Using the structure A = 〈ω2,ω1, (R0,R1)〉 fix an elementary substructure B such that
B ∩ ω1 is countable while B is uncountable. We claim that the closure of DB = {dξ : ξ ∈
B ∩ ω1} contains an uncountable free sequence. Indeed, we show below that, by the
elementarity B ≺ A, the family {(Uα ∩ DB,Vα ∩ DB): α ∈ B} forms what Todorcˇevic´
calls an algebraic free sequence. That is, for each α ∈ B , the family
{Uβ ∩DB : α 6 β ∈ B} ∪ {Vβ ∩DB : α > β ∈ B}
has the finite intersection property. It will then follow that there is a point zα ∈X, such that
zα is in the closure of each of these sets. This will suffice since for each α, {zβ : α > β ∈B}
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is contained in the closure ofUα and {zβ : α 6 β ∈ B} is contained in the closure of Vα ; thus
these sets are disjoint. Let us check that this family does indeed have the finite intersection
property. If F ⊆ B ∩ α and G⊆ B ∩ [α,ω2) are both finite, then ⋂β∈F Vβ ∩⋂β∈GUβ is
a neighborhood of xα . Therefore
A |= (∃ξ ∈ ω1)
(
(∀β ∈ F)(β, ξ) ∈ R1 and (∀β ∈G)(β, ξ) ∈ R0
)
thus this is also true in B. That is there is a ξ ∈ ω1 ∩ B , such that (β, ξ) ∈ R1 for each
β ∈ F and (β, ξ) ∈ R0 for each β ∈G. 2
More generally, we do not know any ZFC example of a compact semi-radial non-R-
monolithic space. Of course, the compact radial non-Fréchet–Urysohn spaces constructed
using t= c or d= ω1 provide consistent such examples. Another space of this kind [4] is
2ω1 under the assumption p>ω1.
2. On compact ccc R-monolithic spaces
It is evident that a separable R-monolithic space is sequential. It is not difficult to find a
ccc R-monolithic space which is not sequential (see, e.g., the next section). But things are
more interesting in the class of compact spaces and indeed we shall prove that the existence
of a compact ccc R-monolithic non-sequential space is independent of ZFC.
Theorem 2 (MA(ω1)). Every compact R-monolithic ccc space is sequential.
Proof. Let X be a compact R-monolithic ccc space. If X is not sequential then it has
uncountable tightness and we may fix a free sequence S = {xα: α < ω1}. For any α
take a continuous function fα :X→ I such that fα[xβ] = 0 if β < α and fα[xβ] = 1 if
α 6 β < ω1 and let ϕ :X→ Iω1 be the diagonal mapping. The space ϕ[X] is a compact
ccc space of weightω1 and MA(ω1) implies that ϕ[X] is separable [10, Theorem 1.3]. Thus
there is a closed separable subspace Z of X such that ϕ[Z] = ϕ[X]. But Z is sequential
and hence ϕ[X] must have countable tightness – in contrast with the fact that ϕ[S] is a free
sequence in ϕ[X] of size ω1. 2
We will show now that the assertion of the previous theorem, even for the special case
of monolithic spaces, is no longer true in any model of ♦. For our construction, we need
the following:
Lemma. LetA be a countable subset of 2ω1 such that for each pair a 6= b ∈A, {α: a(α)=
b(α)= 1} is countable, then the closure of A has countable weight.
Proof. Since A is countable, there is a γ ∈ ω1 so that for all β > γ , no two members of A
have value 1 at β . Factor 2ω1 as 2γ × 2ω1\γ . Observe that the projection of A into 2ω1\γ
is just a sequence which, if infinite, converges to the constantly 0 element. Therefore the
closure of A can be regarded as a subset of 2γ × (ω+ 1). 2
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Example. ♦ implies there is a compact ccc monolithic space with no points of countable
character.
Proof. Let {Aα: α ∈ ω1} be a ♦-sequence; i.e. for each α, Aα ⊆ α and for each A⊂ ω1,
{α: A∩ α =Aα} is stationary.
We will construct a sequence, {Xα : α ∈ ω1}, such that, for each α < β ∈ ω1, Xα is a
closed subspace of 2α , and Xβ projects onto Xα . In addition we will define, for each α ∈
ω1, a dense open subset, Wα , of Xα and a pair of points, {xα, yα} ∈Xα . Note that for each
α, there is a pair of closed subsets Dα,Eα of Xα so that Xα+1 = (Dα × {1})∪ (Eα × {0}).
We will always take Eα = Xα but we will be quite careful in our choice of Dα . For limit
α, Xα is simply equal to
⋂
β<α Xβ × 2α\β (i.e., the inverse limit).
For each ω 6 β 6 α, there are three assumptions on the choice of Dα . The first is that
(Wβ × 2α\β) ∩Dα is dense in Dα (this is how we ensure ccc). The second is that at most
one of {xβ, yβ} has an extension in Dα (this is how we guarantee monolithic). The final
assumption is that xα is a member of Dα and Dα is homeomorphic to the Cantor set (and
this will guarantee no points of countable character). For the rest, we use the ♦-member
Aα to tell us how to choose {xα, yα,Wα} and show how to constructDα . It is clear that Xα
is automatically defined.
Fix two bijections, f :ω1→ CO(2ω1) and g :ω1→ ω1 × 2. Let Xω = 2ω and assume
that we have constructed all the required objects for β < α. First we choose the pair
{xα, yα}. In an obvious way, g[Aα] ∩ (α×{0}) and g[Aα] ∩ (α×{1}) can each be thought
of as subsets of α. If the characteristic function of the first is a member of Xα , then this
is the definition of xα . Similarly, if the characteristic function of the second is a distinct
member of Xα then this is our value for yα . If the first of these conditions fail, then we
may let {xα, yα} be any pair in Xα ; if the first holds but the second fails, then choose yα to
be any point of Xα distinct from xα .
Here is how we construct Wα : If, for each β ∈ Aα , the clopen set f (β) has support
contained in α, and further, the union
⋃{f (β): β ∈ Aα} contains a dense open subset of
Xα × 2ω1\α , then we set Wα equal to the projection into Xα of this union with the points
{xα, yα} removed (if necessary). If the previous condition fails, then simply let Wα equal
Xα \ {xα, yα}.
Finally we define Dα . By inductive assumption, Xα is homeomorphic to the Cantor set
and, for β 6 α, Xα ∩ (Wβ × 2α\β) is a dense Gδ subset of Xα . Therefore the dense set⋂{Xα ∩ (Wβ × 2α\β): β 6 α} contains many copies of the Cantor set. Choose a sequence
{Kn: n ∈ ω} of pairwise disjoint such copies so that the sequence {Kn: n ∈ ω} converges
to the point xα . Set




LetX be the inverse limit of all the Xα’s, i.e., X =Xω1 . The rest is simple checking and
standard techniques from applications of ♦.
To prove that X is ccc. Suppose that U is any collection of clopen subsets of 2ω1 so that
the union contains a dense open subset ofX. LetA⊆ ω1 be such that f [A] = U . A standard
cub closing-off argument shows that there is a cub C ⊂ ω1, such that, for each α ∈ C and
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each γ < α, the support of f [γ ] is contained in α. In addition, there is a cub, C′ ⊆ C,
so that for α ∈ C′ and each clopen set, W , that meets X and has support contained in α,
there is a β ∈A ∩ α such that f (β)∩W ∩X 6= ∅. Now apply ♦ to find an α ∈ C′ so that
Aα =A∩α. It follows thatWα will be a subset of the projection of⋃{f (β): β ∈A∩α}. In
the construction we ensure that Wα × 2γ \α contains a dense subset of Xγ for each γ > α.
From this it follows that⋃{
f (β): β ∈A∩ α}
contains a dense subset of X and so X is ccc.
Fix any x ∈ X: we prove that {x} is not a Gδ in X. Let A ⊆ ω1 be the unique set so
that g[A] = {(β,0): x(β) = 1}. It is easily checked that there is a cub C ⊆ ω1 such that
g[A∩α] = {(β,0): β < α and x(β)= 1}. Therefore there is a stationary set of α such that
xα = x  α. For each such α, there are two distinct points in Xα+1 which project onto xα .
Therefore x is not a Gδ .
By a similar coding argument, it follows that for each distinct pair {x, y} ⊆X, there are
stationary many β such that {xβ, yβ} = {x  β,y  β}. Fix any such β and suppose that
β 6 α. SinceDα was chosen so that one of xβ or yβ has no extension inDα , it follows that
at most one of x or y takes on value 1 at α. Therefore, X is monolithic by the lemma. 2
The space X just constructed is a compact ccc R-monolithic space of cardinality
2ω1 = 2c. Such a space cannot be sequential since Arhangel’skiı˘ has shown [1] that a
compact ccc sequential space has cardinality not exceeding the continuum.
Furthermore, the same space provides an answer to the question, formulated by
Arhangel’skiı˘ and Šapirovskiı˘ (Problem 3 in [2]), whether every compact ccc monolithic
spaces has always a point of countable character.
3. Function spaces
Recall that Cp(X) denotes the space of all real valued continuous functions defined
on the Tychonoff space X equipped with the topology of pointwise convergence. A well-
known result in [8] says that Cp(X) is Fréchet–Urysohn if and only if it is sequential.
Regarding higher convergence properties, it was shown in [9] that Cp(X) is radial if and
only if it is Fréchet–Urysohn, but radiality and pseudoradiality do not in general coincide
for function spaces. In particular we have the following:
Proposition [9]. If ξ is an ordinal then:
(a) Cp(ξ) is Fréchet–Urysohn if and only if cf (ξ)6 ω;
(b) Cp(ξ) is pseudoradial if ξ is regular and ω-inaccessible, that is λω < ξ whenever
λ < ξ .
Although an R-monolithic space is somehow very near to a sequential space, one
can wonder whether every R-monolithic space of the form Cp(X) must necessarily be
sequential. That this is not the case follows immediately from the following result.
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Theorem 3. Cp(ξ) is R-monolithic for every regular and ω-inaccessible cardinal ξ .
Proof. By the above proposition, we know that Cp(ξ) is pseudoradial. Observe first that
in [5, Lemma 3.14], it was remarked that for any regular cardinal κ the only non trivial
convergent sequences in Cp(κ) have either length ω or length κ . This clearly implies that
every closed subspace of Cp(ξ) of cardinality less than ξ is actually sequential. Moreover,
to verify the R-monolithicity of Cp(ξ), it suffices to look at the subsets A of Cp(ξ) having
cardinality less than ξ . Let B be the sequential closure of A. We have B =⋃α∈ω1 Aα ,
where A0 =A and Aα is obtained by adding to ⋃β∈α Aβ the limit points of all convergent
countable sequences lying in
⋃
β∈α Aβ . Since ξ is ω-inaccessible, it follows that |B|< ξ
and therefore B = A. This is because Cp(ξ) is pseudoradial and the only convergent
sequences in B are the countable ones. Thus A is sequential and the proof is complete. 2
We see then that Cp(c+) is a non-sequential R-monolithic space. We do not know any
Tychonoff space X for which Cp(X) is pseudoradial but not R-monolithic.
4. Countable productivity
Although it is known that consistently a countable product of compact pseudoradial
spaces is pseudoradial (e.g., assuming c6 ω2 [11]), even the finite productivity of the class
of compact pseudoradial spaces is still waiting for a proof in ZFC.
By restricting ourselves to the class of R-monolithic spaces, things go better and in fact
in [3] it was published a proof that the class of compact R-monolithic spaces is countably
productive. But unfortunately, in that proof there is a gap when passing from the finite to
the countable case.
We close our paper with the right proof of the above result, assuming as a known fact
the finite case, correctly established in [3].
Theorem 4. The class of R-monolithic compact spaces is countably productive.
Proof. Let {Xn: n ∈ ω} be a family of compact R-monolithic spaces and put X =∏
n∈ω Xn.
Recalling that tightness is preserved in a product of countably many compact spaces and
that in every semi-radial space the tightness is equal to the radial character we first show
that it suffices to check that X is semi-radial. Indeed, if X were semi-radial, then for any
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Let us denote by pin the projection of X onto the product of the first n+ 1 factors. Let
A⊆X and let κ be the smallest cardinal such that A is not κ-closed. We have to produce a
sequence of length κ which is contained in A and converges to some point outside A. Fix
B ⊆A in such a way that |B| = κ andB \A 6= ∅ and fix a point x ∈B \A. If pin(x) ∈ pin[A]
for every n then pick points xn ∈ A in such a way that pin(xn) = pin(x) for every n. It is
easy to see that the sequence {xn: n ∈ ω} converges to x . Thus κ = ω and we have the
required sequence.
Now, assume that there exists some integer m so that pim(x) /∈ pim[A] and consequently
pim[A] is not closed in pim[X]. Thanks to the assumed finite productivity, we can suppose,
without any loss of generality, that m= 0.
It is clear that pi0[A] is < κ-closed and since pi0(x) ∈ pi0[B] \ pi0[A], pi0[A] is not
κ-closed. Therefore there is a sequence {x0,α: α ∈ κ} ⊆ A such that the sequence
{pi0(x0,α): α ∈ κ} converges to some point x ′0 ∈ X0 \ pi0[A]. Clearly κ is regular since
pi0[A] is < κ-closed.
If κ = ω then, as X is sequentially compact, we can fix a subsequence {yn: n ∈ ω} ⊆
{x0,n: n ∈ ω} converging to a point y ∈ X. By the convergence of {pi0(x0,n): n ∈ ω} we
have that pi0(y)= x ′0 /∈ pi0(A), hence we have that y /∈ A and again we have the required
sequence.
Now consider the case where κ > ω. For each α < κ , let




Since D is not closed in the pseudoradial space X0 × X1, there exists a sequence
{yα: α ∈ λ} ⊆ D converging to a point y ∈D \D. It is clear that we should have λ = κ
and pi0(y) = x ′0. Next, choose points x1,α ∈ A in such a way that pi1(x1,α) = yα and let
y = (x ′0, x ′1).
By repeating this argument, we see that we can define for every n ∈ ω a sequence
{xn,α: α ∈ κ} ⊆ A in such a way that the sequence {pin(xn,α): α ∈ κ} converges to the
point (x ′0, x ′1, . . . , x ′n) /∈ pin[A].
Let x ′ be the point of X whose nth coordinate, for each n, is x ′n. For every α select a
point x ′α which is the limit of a convergent subsequence of the set {xn,α: n ∈ ω}. Since
κ > ω, the point x ′α belongs to A for every α. We check that the sequence {x ′α: α ∈ κ}
converges to x ′. It is sufficient to consider neighborhoods of x ′ of the form pi−1m [U ], where
U is a closed neighborhood of pim(x ′) in pim[X]. By construction, for every n > m there
exists an ordinal αn ∈ κ such that pin(xn,α) ∈ U ×Xm+1× · · ·×Xn whenever α > αn. Let
αˆ = sup{αn: n>m}. For any α > αˆ and any n>m we have xn,α ∈ pi−1m [U ] and therefore
x ′α ∈ pi−1m [U ]. This shows that the sequence {x ′α: α ∈ κ} converges to x ′ ∈A \A. 2
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